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1. Introduction. 

N o t t r o t  and  T i m m a n  [1]  d e s c r i b e  the s o l u t i o n  to the  p l a n e  e l a s t o - p l a s t i c  
p r o b l e m  in the  r e g i o n  a r o u n d  a ho l e  of  c i r c u l a r  s h a p e .  When  one  t r i e s  
to e x t e n d  the  m e t h o d  to o t h e r  t han  c i r c u l a r  s h a p e s ,  one m e e t s  f i r s t  of  a l l  
the  q u e s t i o n  of the d e t e r m i n a t i o n  of the  s t r e s s e s  in the  p l a s t i c  r e g i o n  a d -  
j a e e n t  to the  ho l e .  A p a r t  f r o m  th i s  q u e s t i o n ,  the  p l a n e  e l a s t o - p l a s t i e  p r o b l e m  
c a n  be  s o l v e d  in roug_hly the s a m e  w a y  as  w a s  done  b y  N o t t r o t  and  T i m -  
m a n .  T h e r e f o r e  i t  s e e m s  s u p e r f l u o u s  to d e s c r i b e  m o r e  in  t h i s  p a p e r  t h a n  
the s o l u t i o n  to the  p l a n e  p l a s t i c  s t r a i n  p r o b l e m  in the  r e g i o n  a r o u n d  ho l e  
of  g e n e r a l  s h a p e .  

In g e n e r a l ,  s u c h  a p r o b l e m  c a n  be  s o l v e d  b y  n u m e r i c a l  o r  g r a p h i c a l  
m e t h o d s ,  m a k i n g  u s e  of K S t t e r ' s  e q u a t i o n s .  T h e  w a y  the  e l a s t o - p l a s t i c  
p r o b l e m  i s  s o l v e d ,  h o w e v e r ,  r e q u i r e s  an  a n a l y t i c a l  e x p r e s s i o n .  One s h o u l d  
r e m e m b e r  t h a t  the  b o u n d a r y  b e t w e e n  the  p l a s t i c  and  e l a s t i c  r e g i o n s  i s  
found b y a  t r i a l - a n d - e r r o r  p r o c e d u r e ;  th i s  m e a n s  of c o u r s e  t ha t  the  b o u n d a r y  
i s  s h i f t e d  in  e a c h  s t e p  b y  a g r e a t e r  o r  l e s s e r  a m o u n t .  O n l y  an  a n a l y t i c a l  
e x p r e s s i o n  y i e l d s  the r e q u i r e d  v a l u e s  w i t h o u t  l o s s  of  a c c u r a c y .  

T h e  a b o v e  m e n t i o n e d  e q u a t i o n s  of K~Stter, t hough  w e l l  a d a p t e d  f o r  g r a p h i c a l  
o r  n u m e r i c a l  m e t h o d s ,  do not  l e n d  t h e m s e l v e s  to an  a n a l y t i c a l  t r e a t m e n t  
b e c a u s e  t h e y  a r e  n o n - l i n e a r .  I t  w a s  s u g g e s t e d  to m e  b y  p r o f .  T i m m a n  to 
a p p l y  a m e t h o d ,  a l s o  i n d i c a t e d  b y  S o k o l o v s k y  [ 2 , 3 ]  and  G e i r i n g e r  [4]0 to 
o b t a i n  l i n e a r  e q u a t i o n s  b y  a c o n v e r s i o n  of the p r o b l e m .  T h e n  the  C a r t e s i a n  
c o o r d i n a t e s  x and  y of the  p h y s i c a l  p l a n e  a r e  c o n s i d e r e d  a s  the  unknown  
f u n c t i o n s  of the  i s o t r o p i c  s t r e s s  e,  and @, w h i c h  i s  the  a n g l e  b e t w e e n  the  
m a j o r  p r i n c i p a l  s t r e s s  and  the x - a x i s .  In the f o l l o w i n g  p a p e r  the e q u a t i o n s  
a r e  d e r i v e d  f o r  the p l a n e  p l a s t i c  s t r a i n  p r o b l e m ,  w h e r e  y i e l d i n g  i s  g o v e r n e d  
b y  a g e n e r a l i s e d  M o h r - C o u l o m b  c o n d i t i o n .  

T h e  t h e o r y  i s  b a s e d  on the s a m e  a s s u m p t i o n s  a s  K t S t t e r ' s  t h e o r y ,  n a m e l y ,  
the a b s e n c e  of t i m e  e f f e c t s ,  and  the a b s e n c e  of i n f l u e n c e  of the i n t e r m e d i a t e  
p r i n c i p a l  s t r e s s .  One f u r t h e r  r e s t r i c t i o n  m u s t  be  m a d e :  a l l  b o d y  f o r c e s ,  
l i k e  w e i g h t  and  e x c e s s  p o r e  p r e s s u r e  g r a d i e n t ~  a r e  l e f t  out  of  c o n s i d e r a t i o n .  

T h e  p r o c e d u r e  in  the  e a s e  of the  a n a l y t i c a l  t r e a t m e n t  i s  qu i t e  d i f f e r e n t  
f r o m  the n u m e r i c a l  o r  the  g r a p h i c a l  m e t h o d .  Whi l e  in t h e s e  l a t t e r  e a s e s  
the  c o m p u t a t i o n  s t a r t s  f r o m  the  g i v e n  b o u n d a r y  c o n d i t i o n ,  in  the a n a l y t i c a l  
t r e a t m e n t  p a r t i c u l a r  s o l u t i o n s  a r e  f i r s t  s o u g h t ,  and t h e s e  u l t i m a t e l y  a r e  
c o m b i n e d  to s a t i s f y  s o m e  g i v e n  b o u n d a r y  c o n d i t i o n .  

T h e  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s ,  d e r i v e d  in s e c .  2 b e I o w ,  a r e  s o l v e d  
in  the  n e x t  s e c t i o n s  f o r  a m e d i u m  s u c h  a s  a s a n d ,  w h i c h  f o l l o w s  the  n o r m a l  
M o h r - C o u l o m b  y i e l d  c o n d i t i o n .  T h e  s a m e  p r o c e d u r e  can ,  h o w e v e r ,  be  
a p p l i e d  to a m e d i u m  not  p o s s e s s i n g  i n t e r n a l  f r i c t i o n .  

2. Plane Plas t ic  Strain. 

C o n s i d e r  the  c a s e  of p l a n e  p l a s t i c  s t r a i n ,  w h e r e  the  p l a s t i c i t y  c o n d i t i o n  
i s  a s s u m e d  to be  g i v e n  in the f o l l o w i n g  f o r m :  the  r a d i u s  r of M o h r ' s  c i r c l e  
i s  a g i v e n  f u n c t i o n  of the  i s o t r o p i c  s t r e s s  e,  

7" = �88 -O'x) 2 q- 7"xy = 'r(O'), (1) 
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Fig. I. 

W e  i n t r o d u c e  the  d i r e c t i o n  of  t he  m a j o r  p r i n c i p a l  s t r e s s ,  @, in  t he  f o l -  
l o w i n g  w a y :  

~x } :-- ~+~(~) cos 20, 
~y 
rxy = ~'(cy) s i n  20. 

6y,, Gx) 

(3) 

Fig. 2. 

In  the  a b s e n c e  of  b o d y  f o r c e s  t he  e q u a t i o n s  of  e q u i l i b r i u m  t a k e  the  f o r m  

8@ ~a _ 2?  s i n  2@ + D---Gx + a---TxY = (1 + 7 '  COS 28) ~-~ ~-~ 
8x 8y 

Dc~ ~O + ~" s i n  20 ~yy + 2~- c o s  20 ~yy = 0, 
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8~xy a~y = ~' sin 2@ a~ a@ ax + a y  ~xx + 2T c o s  20 ~xx + 

a~ a@ 
+ (1 - ' r '  c o s  20) ~y + 2~" s i n  20 ~ = 0, 
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dT 
w h e r e  -- = T'. 

d~ 

These equations can be simplified by a linear combination, where the 
factors by which the equations are multiplied, are +cos 2O and +sin 20 
On the one hand, and +sin 2@ and -cos 2@ on the other. 

We find 

aa a~ 80 
(cos  2 0 +  T')  ~xx + s i n  20 ~yy + 2T ~yy = 0, 

a~ ao aa 
s i n  20 ~xx - 27 ~xx + (T' - c o s  20) E = 0. 

(4) 

The unknown functions ~ and @ appear in the coefficients, so the equations 
(4) are clearly non-linear. The coefficients, on the other hand, do not 
depend on x and y; this is the reason that it is fruitful to consider x and 
y as the unknown functions, and ~ and @ as the independent variables. To 
find the differential equations of the reverse problem, one needs the Ja- 
cobian transformation determinant A: 

a(Y a(7 
8x ay 

A = 
a e  a e  ' 
ax a y  

a~ ~o  a~ ax ae ay  ae a x  s o  t h a t  ~ = A , ~-~ = -A  ~--~, ax  = - ~  acT'  a-~ = A 8 ~ "  

A s s u m i n g  A ~ 0, e q u a t i o n  (4) c a n  be  t r a n s f o r m e d  i n t o  

8x ax = 
(~' + c o s  29) ~00 - s i n  20 ~-~ + 2~" ~ O, 

s i n  2O 8 + 2 r  + ( c o s  2 @ -  r ' )  ~ O. 
(5) 

T h e s e  a r e  i n d e e d  l i n e a r  e q u a t i o n s ,  f o r  e v e r y  c h o i c e  of  t he  f u n c t i o n  ~-(~). 
L e t  u s  n o w  c h o o s e  ~'(~) a s  i t  i s  f o r  a g r a n u l a r  m a t e r i a l  

T(c~) = s i n v ( ~ +  c c o t g v ) ,  (6} 

w h e r e  c i s  t he  c o h e s i o n ,  a n d  ~ i s  the  a n g l e  o f  i n t e r n a l  f r i c t i o n  ( s e e  f ig .  2). 
F o r  c o m p a c t n e s s  we  s h a l l  w r i t e  

p = s i n  p ,  

and  s = ( ~ +  c c o t g p ) / ( l  o ,  (7) 

~o b e i n g  a n  a r b i t r a r y  c o n s t a n t ,  and  i t  f o l l o w s  t h a t  

8 -1 a 
- -  = "r(c~) = per o s,  "r' = p, 8a ~o as 
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H e n c e  the e q u a t i o n s  (5),  w r i t t e n  in t e r m s  of the  new v a r i a b l e s ,  
the a bove  y i e l d  c r i t e r i o n ,  b e c o m e  

~0 3x 3x (cos  20 + p )  - s in  20 ~-~ + 2ps b-s = 0, 

3X = s in  20 ~ +  2ps a y  + (cos  20 - p )  ~-~ 0. 30 3s 

and with 

(8) 

T h e s e  e q u a t i o n s  can  be s o l v e d  by  the s e p a r a t i o n  of  v a r i a b l e s .  One s e e s  
tha t  in i8),  the p a r t i a l  d e r i v a t i v e s  3 x / ~ s  and 8 y / S s  a r e  bo th  m u l t i p l i e d  by  
a f a c t o r  s .  T h e  s e p a r a t i o n  can  thus  be e f f e c t e d  by  pu t t i ng  

x : s x(o) 
Y sXy(o) ~ (9) 

T h e n  a l l  c o e f f i c i e n t s  can  be d iv ided  b y  s x, so  one f inds  o r d i n a r y  d i f -  
f e r e n t i a l  e q u a t i o n s  f o r  X and Y. T h e  c o m p l e t e  s o l u t i o n  of the p a r t i a l  d i f -  
f e r e n t i a l  e q u a t i o n s  wi l l  be  a l i n e a r  c o m b i n a t i o n  of the p a r t i c u l a r  s o l u t i o n s ,  
found  f r o m  t h e s e  o r d i n a r y  l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  I t  i s  a l s o  s e e n  tha t  
a l l  c o e f f i c i e n t s  a r e  t r i g o n o m e t r i c a l  f u n c t i o n s  of 0, and we s h a l l  t h e r e f o r e  
w r i t e  

Z = e i0 (10) 

and so (8) now becomes, omitting the factor s x, 

~-1 [ (z2  + z-2 + 2p)iz  dye_ _ (z2 - z ' 2 ) z  dX~_z + 4 k p X ]  = 0 (11)'  

[ dY - 2 p ) i z  dz-z] = 0 (11)" �89 (z 2 - z "2)z ~-~ + 4kpY+ (z 2 + z -2 dX 

The expressions for X + iY and X -iY will be seen to be very simple, 
much simpler indeed than those for X and Y alone. These expressions 
are found by a suitable linear combination of (ii)' and (ii)". 

If ill) ' and (II)" are multiplied by (I - pz 2) and i(l + pz ~) respectively, 
and then added, there results 

d(X iY) 
X + i Y  : pz2(X - iY)  _'[(p2 _ 1)/2kp~z 3 - -  

dz 

-2 
If  (11) '  and (11)" a r e  m u l t i p l i e d  by  1 - p z  
and then  s u b s t r a c t e d ,  t h e r e  r e s u l t s  

(12) 

and i(1 + pz "2 ) r e s p e c t i v e l y ,  

diX + iY) X - iY = pz "2 (X + iY) + -{(p2 _ 1)/2Xp~z-l-- 
dz 

(13) 

By e l i m i n a t i o n  of X + iY and X - iY r e s p e c t i v e l y ,  we ob ta in  

d f d(X + iY)] 4k202(X + iY) + 4)tp2(X + iY) - (p 2 1)z3 ~zz [ z ' l  = 0, 
- dz J 

d V diE - iY)] 4X2p2ix - iY) + 4)tp2(x - iY) - (o 2 - l)z "Id-~ LZS (fz ] = 0. 
(14) 

P o w e r s  of z a r e  s o l u t i o n s  to t h e s e  e q u a t i o n s ,  b e c a u s e  in e v e r y  t e r m  
the p o w e r s  of z in the  c o e f f i c i e n t s  a r e  in b a l a n c e  ( d / d z  b e i n g  e q u i v a l e n t  
to z -1 ). T h e s e  s o l u t i o n s  can  t h e r e f o r e  be w r i t t e n  as  
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X + i Y  = C m z l + m  . . . .  

X -  iY =Dm z-1+m (15) 

The value of m is still dependent on k; or, conversely, ~ can be found 
when m is given; by substitution into (14) it is found that 

k2 m + k m + [(1 - p2)/4p2] (m 2 - 1) = 0. (16) 

The relation between Cm and D m can also be established from these 
equations, for from (13) it follows that 

D m : [ p  - ( i  + m ) ( 1  - p2) /2~ .mP}C m : 

: p{ l  +(2~m + 2)/(m - 1)} Cm. (17) 

We will limit ourselves to the case where x and y are periodic functions 
of 8, With period 2r (see also sec.4). This means that m must be an 
integer, since we assumed z = e i~ . 

Therefore the particular solutions corresponding to m = 0, +I, +_2,... 
have to be studied. For each m two values of X are found from (16): 

~-m} : _�89 + 1 [1 m 2 ( l  p2) ] �89  (18) 
x -  - - - 

Xm and X~n a re  r e a l  when  m = 0 o r  m = +_1, and c o m p l e x  when  m = ___2, 
+-3 . . . .  i f  we  l i m i t  o u r s e l v e s  to: 0 <  p < � 8 9  0<%o< �89 but  th is  l i m i t a t i o n  
is of course by no means essential. 

We have now found particular solutions of the form Cms km z l+m , as (15) 
and (9) show. Because the superposition principle holds for the differential 
equations (5), the particular solutions can be added to yield ~he complete 
s olu ti on 

x+iy = ~+~[Cmskmz l+m + C~S lm Z l+m]. (19) 
m ~ - o o ~  - 

I 
I 

I 

I 
I 
I 
I 
I 
I 
I 

X: I X, },o 
i 0 - 1  I 
I 
I 
I 
I 
I ,  

I 
I 

Fig.3. Representation of X m and X m in the complex plane. 
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3. The Particular Solutions. 

I n  this s e c t i o n  t h e  p a r t i c u l a r  s o l u t i o n s  a r e  to  b e  s t u d i e d ,  
m = 0,  m = +1,+_2 a n d  s o  f o r t h .  T h i s  o r d e r i n g  i s  i m p o r t a n t ,  
c l e a r  f r o m  (18)  t h a t  k m k .  m a n d  k~n = k '  ---- " I n  �9 

The principal solutions are those corresponding to m = O: 

)t o : _�89 + � 8 9  s o  f r o m  (17) :  Do = -C O . 

in the order 
because it is 

T h e  s o l u t i o n  (15)  i s  i n  t h i s  c a s e  

X+iY = CoZ 

X - iY D O z "I 

s o  t h a t ,  a c c o r d i n g  to  ( 9 )  

x + i y  = C o S k ~  

x - i y  D O s ~~ z "1 

The functions x and y themselves must be real, otherwise they would not 
represent physical reality. Therefore x - iy must be the complex conjugate 
of x + iy. The factor s xo is real, z and z'l are already complex conjugates, 
so Co and D O must also be conjugates. If we denote the conjugate of C o 
by C o, we see that 

D O = ~ " 

I t  w a s  a l r e a d y  s e e n  t h a t  D O = - C  O , 
w h e n  C O i s  p u r e l y  i m a g i n a r y .  

T h i s  s o l u t i o n  

x = + iCos [(l-p)/2#] sin 8 

y - i C  o S [ ( 1 - ~ ) / 2 p ]  COS O 

corresponds to the solution of the 
hole. Introducing the radial coordinate 

r = (x 2+ y2)�89 , 

s o  C O = - C  o, w h i c h  c a n  o n l y  b e  t r u e  

(20)  

s t r e s s  d i s t r i b u t i o n  a r o u n d  a c i r c u l a r  

(20)  c a n  b e  m o d i f i e d  to  

r = I C o I S[( I 'p ) /2P]  , 

t h e r e f o r e  

s = s o r [ 2 p / ( 1 " m ]  , 

w h e r e  So i s  a c o n s t a n t  w h o s e  v a l u e  f o l l o w s  f r o m  t h e  b o u n d a r y  c o n d i t i o n .  
T e r z a g h i  [ 5 ]  f i n d s  i n  t h i s  c a s e  

r : ~r  o ( r / r o )  s%~ 

w h e r e  ar  c o r r e s p o n d s  to  s :  

1 s i n  2 (�88 + ~o)  
N v = t g 2 ( 4 5 ~  + �89 = 

c o s  2 ( �88 + �89 

�89189189 z +  

�89189189 1-p 

so N~. I = 2p/(1-p), the exponents are indeed identical. 
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The s e c o n d  case, corresponding to m = O: 

l ~  = -�89 - �89 so  (17)  y i e l d s  D~ = C o 

A g a i n  as  in the p r e c e d i n g  c a s e  

x - i y  = x + i y ,  o r  D0s  x~z "1 : C~s x ~  = CoSXOz -1 .  

D o = C o = Co,  so  C o i s  r e a l ,  

x = C~s ' [ ( l+e) /2~]cos  e 

y = C.s- [ ( l+P) /2P]s in  @ 
(21) 

Both  s o l u t i o n s  (20) and (21) r e p r e s e n t  the p l a s t i c  s t r e s s  d i s t r i b u t i o n  
a r o u n d  a c i r c u l a r  ho le .  So lu t ion  (20) r e p r e s e n t s  the c a s e  when  the s t r e s s e s  
i n c r e a s e  w i thou t  l i m i t  f o r  l a r g e  v a l u e s  of x and y ( s -  ~ ) .  In  the o t h e r  
c a s e  ( 2 1 ) s  r e d u c e s  to z e r o ,  ~---~ 0 and ~ a p p r o a c h e s  - c  c o t g  ~o a t  a g r e a t  
d i s t a n c e  f r o m  the ho le .  In  the c a s e  of a ho le  of g e n e r a l  s h a p e ,  t h e r e  a r e  
the s a m e  two p o s s i b i l i t i e s  f o r  the b e h a v i o u r  a t  in f in i ty .  S ince ,  h o w e v e r ,  
the v a l u e s  of X, c o r r e s p o n d i n g  to m = 0 ,  happen  to be the ones  wi th  the 
g r e a t e s t  and the s m a l l e s t  r e a l  p a r t s  ( see  f ig.  3), e i t h e r  s o l u t i o n  ( 2 0 ) o r  
(21) wi l l  d o m i n a t e .  T h e r e f o r e  at  a g r e a t  d i s t a n c e  f r o m  the hole  a s t r e s s  
d i s t r i b u t i o n  r e s e m b l i n g  a c i r c u l a r  one,  is  found.  

The  nex t  s o l u t i o n s ,  c o r r e s p o n d i n g  to m = +_1,+2 . . . .  can  be c o n s i d e r e d  
as  d i s t u r b a n c e s  of the p r i n c i p a l  s o l u t i o n s  a l r e a d y  found.  T h e s e  d i s t u r -  
b a n c e s  a p p e a r  when  the  shape  of the ho le  is  not  a c i r c l e ,  o r  when  the 
load  app l i ed  to the b o u n d a r y  is  no t  h o m o g e n e o u s l y  d i s t r i b u t e d .  

Wi th  X 1 = 0, f r o m  t14) we s ee  tha t  d ( X + i Y ) =  0, d ( X - i Y )  dz dz = 0, so that 

X + i Y  = c o n s t  = C .1  

and X - iY = c o n s t  = D-1 

The factor s x~ : 1, so that 

x + i y  = C_1,  (22) 

C 1 = D 1 = 0. 

This solution, x = const, y = const, represents merely a translation of 
the coordinate axes, when added to other solutions. 

With  k' 1 = -1,  then  D '  1 = p ' l C ~  
D'_I = p C ' l  f r o m  (17), and so  

x + i y  = s -1 [C{z  2 + C'_I] , 

x - i y  = s 1 [ p - l c  i + p c ' . l z ' 2 ] .  

Since  x and y m u s t  be r e a l ,  C'_1 = p ' l C - ~ ;  

x + iy  s-1 r ~-~ 2i0 = [ p C _ l  e + C ' . 1 ] .  (23)  

-ic~ 
W r i t i n g  C'.1 = Ce , then  

x = Cs  "1 [p  cos  (2e + a)  + cos  a ] ,  

y = Cs  "1 [p  s in  (20 + a)  - s in  a ] .  

A s  wi l l  be p r o v e d  in  s e c .  5, iii, th i s  t e r m  of the c o m p l e t e  s o l u t i o n  a c c o u n t s  
f o r  the r e s u l t a n t  f o r c e  of the e x t e r n a l  f o r c e s ,  e x e r t e d  on the b o u n d a r y  
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curve. The resultant force will be shown to be 47rpaoC k. 

For m = +__2, +3 .... ~trn and X' m are complex; let us write 

Xin,  X~n = -�89 +-- i v in ,  

w h e r e  v m = � 89  [ ( i  - p2)m2 - i ]  �89 

In order to obtain real values for x and y, the solutions 

x + iy = s (-�89 (Cinz l+m + C.m zl-m )) 

x - iy = s (-�89 (Dmz-l+m+ D m z'l'm) 

a n d  

x + iy = s (-�89 -iVm) (Cm zl+In + CLmzl'm)) 

x - iy = s(-�89 (D m, ~--l+m+ D' mz'l-In) 

(24) 

must be added to yield 

x + iy = s -�89 (Cm SiVm z l+m + C.m Si~In z l-m 

x - iy = s -�89 (Dins iVm z "l+In + D.m s igm z "l'm 

From x +iy = x - iy follows this time 

+ -mC' s "ivm z l+m + C'ins'iVm zl'm ) 1 

+ D' s "ivrn z -l+m + D' s "i~m z "l-In ) 
m -m 

(25) 

C m = DLIn, C~ = Din 

C In = D' In , C'in = Din 

Substitution into (17) leads to 

CLm = p [ i  + ( 2 x i n +  2 ) / ( m  - 1 ) ] c  m , 

elm : P [1 + + 2 ) / ( m  - I ) ] C B .  (26) 

The particular solutions can be combined linearly to yield a range of func- 
tions, satisfying the differential equations, and any boundary condition, 
within certain limits. 

4. Boundary Values along a Closed Contour. 

The next step to be performed is to decide which complete solution ful- 
fills the given boundary conditions; in other words, the coefficients C m 
must be computed from the boundary values. Let the stresses be given 
along a closed contour F, e.g. the perimeter of a hole. From these given 
stresses s and @ can be computed at every point of I". Two solutions are 
found, more commonly known as the passive and the active solution (Ran- 
kine), or the weak and the strong (Prager). One of the two solutions is 
to be chosen. 

If a parameter t is defined along I", then at any point x o(t) + iy o(t) of 
r 0  s ( t )  and  O(t) a r e  k n o w n .  

T h e  a n a l y s i s  o f  the  f o r e g o i n g  s e c t i o n s  o n l y  m a k e s  s e n s e  i f  x a n d  y c a n  
be  w r i t t e n  a s  c o n t i n u o u s  f u n c t i o n s  of  s and  8. I t  i s  t h e r e f o r e  n o t  o n l y  
n e c e s s a r y  t h a t  s( t)  a nd  0(t) s h o u l d  be  c o n t i n u o u s  and  t h a t  s(1) = s (0)  a n d  
0(1) = 0(0) + 2k~  (k b e i n g  an  i n t e g e r  n u m b e r ) ,  bu t  a l s o  t h a t  e v e r y  v a l u e  
o f  0 b e t w e e n  0 a nd  27r i s  t a k e n  o n l y  o n c e  on the  c o n t o u r  F .  T h i s  m e a n s  
t h a t  @(t) m u s t  be  a m o n o t o n i c a l l y  i f l c r e a s i n g  o r  d e c r e a s i n g  f u n c t i o n  of  t,  
a n d  a l s o  t h a t  10(1)-0(0)1 c a n n o t  e x c e e d  2~. I t  f o l l o w s  t h a t  k = + 1 ,  w e  c h o o s e  
t he  e a s e  k = +1. 
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Fig. 4. The boundary contour F. 

T h  f u n c t i o n s  x o a n d  Yo t h e n  a r e  p e r i o d i c  i n  O, w i t h  p e r i o d  2~r; s o  a l o n g  
F we  c a n  e x p r e s s  x o a n d  Yo b y  m e a n s  of  a F o u r i e r  s e r i e s ,  o r ,  w h i c h  i s  
e s s e n t i a l l y  t h e  s a m e ,  x o + i y  o by  m e a n s  o f  a L a u r e n t  s e r i e s :  

i(m+l)0(t) 
Xo(t ) + iYo(t ) = Z +~ Ame (27) 

m z = ~  

The problem is then solved, when one can determine the coefficients C m 
and C m of the complete solution 

x + iy = E+r (Cm skin + Cm sx~n )e i(m+l)~ (19) 
m1:-~ 

i n  t e r m s  of  t h e  k n o w n  c o e f f i c i e n t s  A m .  
On  t h e  c o n t o u r  F t h e  v a r i a b l e  s i s  a l s o  a f u n c t i o n  o f  t h e  p a r a m e t e r  t .  

We will study the simpler case where s = const along F; by an appropriate 
choice of the constant ao (7) s can be made equal to unity. One has now 
to compute C m and C" from the relation 

F~ + ~  A m e i(m+l)e = Z~ +| ( C  m + C~n)e i(m+l)O , 

o r  C m + C ~  = A m . (28) 

From (20) and (21) 
therefore 

C O = ilm[Ao} , 

C o = Re ~Ao} . 

it is known that C~ is real and C O is imaginary, 

(29) 

From (22) i t  is k n o w n  t h a t  C i = 0 

so C~ : A z ,  

C'-z = # - ~ A z ,  

p-iA i C_ 1 = ~6,-I - 

(30) 
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F o r  m = 2, 3 , . . .  o n e  h a s  t h e  r e l a t i o n s  

C m + C m = A m , 

C_m + C '-m = /~ -m 

T h e  s e c o n d  of  t h e s e  c a n ,  w i t h  h e l p  o f  (26) ,  b e  t r a n s f o r m e d  i n t o  a s e c o n d  
r e l a t i o n  f o r  C m a n d  C "  a n d  r e m e m b e r i n g  t h a t  t m = -�89 + iVrn:  

p [ I  + (1 + 2 i u m ) / ( m -  1)] C m + p [ I  + (1 - 2 i U m ) / ( m -  I ) ]  C~  = A-m " 

Solving for C m and C~ yields 

C m : [�89 + i � 8 8  m - [ i ( m  - 1} /4PVm]A_m , (31) 

C m [�89 - i �88 m + [iCm l)/4PUm]A_ m �9 

Equation (31) holds for m = +2,+3 .... as well as for m = -2,-3 ..... 
This analysis shows how, from a given shape of the hole and from the 
given stresses along the perimeter of the hole, the solution of the stresses 
in the plastic region can be performed. The quantity x + iy is found as a 
function of s and 8; x and y are its real and imaginary parts. An example 
of such a function will be dealt with in sec. 6. 

5. Some Properties of the Solution. 

i .  T h e  s p e c i a l  c a s e  w h e r e  ~-ns = 0, ~n = c o n s t  a l o n g  t h e  b o u n d a r y .  

L e t  F b e  t h e  p e r i m e t e r  o f  a h o l e ;  l e t  t h e  e x t e r n a l  f o r c e ,  e x e r t e d  f r o m  
i n s i d e  F o n t o  t h e  m a t e r i a l  o u t s i d e  F ,  b e  a c o n s t a n t  n o r m a l  p r e s s u r e .  T h i s  
i m p l i e s  t h a t  t h e  s h e a r  s t r e s s  a l o n g  F i s  z e r o ,  s o  t h e  d i r e c t i o n s  o f  t h e  
p r i n c i p a l  s t r e s s e s  a r e  t h e  t a n g e n t  a n d  t h e  n o r m a l  to  F .  

,,,d(xo+iYo) 
dE) " 

"i 
e ! 

l~ig. 5. 

T h e  c o m p l e x  n u m b e r  

= i (m+l)e d(xo + iYo) E+'i(m + l)Ame (32) 
de m -- -~ 
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has  the d i r e c t i o n  of the t angen t ;  if the m a j o r  p r i n c i p a l  s t r e s s ,  wh ich  has  
the direction 8, is tangential to F,  then 

arg [d(xo+iyo)]de =8" 

H e n c e  in this c a s e ,  the factor E§ m e ime 
value of 8; so that m=-~ 

m u s t  be r e a l  f o r  e v e r y  

o r  

i(m+l)A m = i(-m+l)A_m 

( m + l ) A  m = ( m - 1 ) A _ m ,  m = 1 , 2 , 3  . . . . .  

and Re {Ao} = 0 (33) 

On the other hand, e ie , multiplied by a purely imaginary factor, gives 
rise to a complex number whose argument is @ + �89 So, if we consider 
the other case, that the major principal stress is directed along the normal 
to P, then arg[d(xo+iYo)/d@] = @ +__�89 thus in this case 

( m + l ) A  m = - ( m - 1 ) A _  m,  m = 1 , 2 , 3  . . . .  

I m  {Ao}  = 0 ( 3 4 )  

In the l a t t e r  c a s e  one s e e s  tha t  the s o l u t i o n  (20) does  not  a p p e a r .  T h e n  
the s o l u t i o n  (21) d o m i n a t e s ,  s a p p r o a c h e s  z e r o  at  a g r e a t  d i s t a n c e  f r o m  
the hole ,  w h e r e a s ,  in the f i r s t  of the two c a s e s ,  the s o l u t i o n  (21) is  ab sen t ,  
so  tha t  the s t r e s s e s  g r o w  wi thou t  l i m i t  a t  a g r e a t  d i s t a n c e .  

i i .  T h e  l i n e s  a l o n g  wh ich  O = c o n s t  i n t e r s e c t  the b o u n d a r y  c u r v e  U a t  r i g h t  
a n g l e s ,  when  a n = c o n s t  and rns = 0 a l o n g  F ( see  fig.  6). 

,-" 8 = const 
/ / /  

s_-const 

, - .  8=const 

Fig. 6. 

The  l i n e s  @ = c o n s t  a r e  found f r o m  the to t a l  s o l u t i o n  by  d i f f e r e n t i a t i n g  
p a r t i a l l y  wi th  r e s p e c t  to s: 

= , , SX~n -1 )ei(m+l)e a ( x + i y )  E+~ ( k m C m s k m - 1  + kmCm 
aS m=-~ 

C o n s i d e r  now the po in t s  of F ,  in o t h e r  w o r d s ,  the po in t s  w h e r e  s = 1 

[a (x  + iy)] 
8S Js=l = E+= ( l m C m  + ~tmCm)ei(m+l)e = 

eie E+- l m % ~ 1 - -  imO 
= ( - 7  A m  - "~ Am + ~ A _ m  )e 

m - -  - ~  
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T h i s  v e c t o r  i s  i n d e e d  p e r p e n d i c u l a r  to  the  v e c t o r  (32) ,  if  e i t h e r  (33) o r  
(34) i s  f u l f i l l e d .  T h i s  c a n  be  s e e n  a s  f o l l o w s .  

I f  c o n d i t i o n  (33) i s  f u l f i l l e d ,  t h e n  

OCx + i y ) ]  ' i0 8s "J s=l : e E +=' (m + I)A m e imO (-�89 + �89 ) : 
m-- -~ 

: _iko a ( x + i y )  
a0  

If (34) is fulfilled, then 

[8_~(X~]s:l : eiO E+" (m+l)A me imO (-�89 �89 : 
m- -~ 

= - i X ~  p(x+iy) 
+O 

(36) 

We  s e e  t h a t  0(x + i y ) / 0 s  a n d  ~(x + iy ) /~O d i f f e r  b y  a p u r e l y  i m a g i n a r y  
f a c t o r ,  s o  t h a t  t he  d i f f e r e n c e  of  t h e i r  a r g u m e n t s  i s  -~Trz , i . e .  t h e y  a r e  p e r -  
p e n d i c u l a r  to e a c h  o t h e r .  

In  the  f a c t o r  ~t o o r  )t~ a l s o  a p p e a r ,  w h i c h  i s  n o t  s u r p r i s i n g ,  s i n c e  the  
c o n t o u r  F c a n  l o c a l l y  be  c o n s i d e r e d  a s  a c i r c u l a r  a r c .  One  f i n d s  a g a i n  
ko o r  k~ ,  d e p e n d i n g  on  w h e t h e r  one  h a s  to  do w i t h  the  a c t i v e  o r  the  p a s -  
s i v e  s o l u t i o n .  

iii. T h e  r e s u l t a n t  b o u n d a r y  f o r c e ,  e x p r e s s e d  i n t o  the  c o e f f i c i e n t s  C m .  

T h e  r e s u l t a n t  o f  the  e x t e r n a l  f o r c e s  e x e r t e d  on  t he  m a t e r i a l  o u t s i d e  a n  
a r b i t r a r y  c o n t o u r  F ' ,  w h i c h  e n c l o s e s  U, m u s +  be  the  s a m e  f o r  e v e r y  s u c h  
F ' ,  b e c a u s e  the  m a t e r i a l  w a s  a s s u m e d  to  be  w e i g h t l e s s .  T h u s  w e  c a n  
c h o o s e  f o r  F '  a c o n t o u r  s = c o n s t .  

/ .  
dx+ldy 

Fig. 7. The force on a small segmen t. 

I t  i s  p o s s i b l e  to  w r i t e  the  f o r c e  e x e r t e d  on  a s m a l l  s e g m e n t  in  the  f o r m  
o f  a c o m p l e x  n u m b e r :  

f l  = a x d y  - ~'xy dx,  

f2 = -~y dx + Zxy dy ,  

f l  + if2 = (ax + i T x y ) d y +  (-iC;y - ~xy)dX = 

= ( s a  o - C c o t g @ ) ( d y -  idx)  + p s % e  2i~ ( d y + i d x )  = 

= - i(scr  o - c o t g  ~o) (dx + idy )  + i p s % e  2i8 (dx - i dy ) .  

B o t h  t e r m s  a r e  i n t e g r a t e d  a l o n g  F ~ s e p a r a t e l y :  

- i ( s ~  o - c c o t g  ~o) ~r ,  (dx + idy)  = 0, 

ipscro ~ r '  e2i0 (dx - idy)  = 

= i p s a  o m ~ : :  ~ ~2~ e 2i0 (C m S xm + C ~  s xm ) ( - i ) ( m  + l ) e  "i(m+l)0 dO. 

(37) 
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The integral of every term vanishes, 
remains 

ps%. 21r. 2 (CI skl + C'l SX{ ), 

according to (22): C1 = 0, 

except the term m = +I; so there 

a c c o r d i n g  to  (23): k'  1 = -1 ,  

so that the result is independent of s, 
The resultant force is thus: 

as is necessary �9 

4~rp% C' 1 . (38) 

iv. The resultant moment of the boundary forces. 

The moment of the force (37) on a small segment dx + idy, taken with 
respect to the origin is: 

xf2 - Yfl = Im[(x - iy) (fl + if2)] = 

= Im[(x - iy){-i(s~ o - c cotg~a) (dx + idy) + ips(~ oe 2i8 (dx - idy)}] . (39) 

Again both terms are integrated along a closed contour P', where s = const. 

} r ' I m [ (  x - iy)  i - i ( s %  - c c o t g p )  ( d x + i d y ) } ]  : 

2~mE+ X' )e-i(m+l)@ : (Sa o - C eotg ~o)lm f : (C ms km + C~s m (-i) x 
0 --- 

• m=E+~-~ (CkSXk + C~?~ )i(k+l)ei(k+l)@] dO = 

= ( so  o - c c o t h  ~9)Im27r (Cm S)Tn + C m s k ~ n ) i C m  skin+ C m s  m ) ( m + l )  = O, 
m 

b e c a u s e  e v e r y  t e r m  of  the  s u m  b e t w e e n  s q u a r e  b r a c k e t s  i s  r e a l .  
I n t e g r a t i o n  of  the  s e c o n d  t e r m  y i e l d s  

~ I " ' I m [ i p s c r  o e 2ie ( x - iy)  d ix  - i y ) ]  : 

e E +" (era s km + C~ s xm )e-i(m+l)@ • ~ pSO- O 
tJ o m='~' 

E + ~ ( C k S  xk + C~sXk) ( k + l ) e  "i(k+l)e dO]  = 
m - -  - ~  

[ X' ) ( C _ m s k m  s~n)] = = 2~rps% Im E +~ (l-m) (Cm skin + Cms m + C'.m 
m = -~ 

: 27rp (~o I m  [m =E+:- ( l - m )  (CmC'_ m + C_mC ~ + C m C_m s2xm+l + C'm C'_ms2Xrn+l )]: 

C m C _  m s2km+l + C~ n i s2k~n +1 C .  m is  r e a l  and  t h e r e f o r e  i t s  i m a g i n a r y  p a r t  
v a n i s h e s ,  b e c a u s e  

C o is imaginary, k o is real; 

C o is real, 7% is real; 

CIC I = 0, because CI = 0; 
: ClC_I _ , as is seen in (23), ~ is real; 

CmC'_ m = CmC_ m follows from (26), m = 2,3 ..... 

s 2Xm+1 = s 2km+l because 2t m = 2t~n a �9 
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T h e  r e s u l t a n t  m o m e n t  i s  t h u s  

21p~  o ~+| (l-m) Im [CmCVm + C_mCm] : 
m ------~ 

= - 2 " p ~  o { ~+'~ ( l - m )  I m [ C m C ' . m ]  + ]~+~' (1 -Dl ) Im [C_ C ' ] }  = 
m - - - =  p__, _oe, 

=-2~'p(y o {m~:: (l-m) Im [CmCl-m] § F. +• (l+m)Im[CmCT_rn]} = 

= -4•po" o E +" I m  [C m C'.m ] .. (40) 

6. Two Examples. 

i .  I n  the  f i r s t  e x a m p l e  r i s  a n  o v a l ,  l o a d e d  w i t h  a c o n s t a n t  n o r m a l  p r e s -  
s u r e .  I t s  c o e f f i c i e n t s  a r e  t a k e n  

A 0 = i ,  

A 2 = 0 . 1  i,  

A.2 = -0.3 i. 

(41) 

These values satisfy condition (33). From (29)' and (31) the coefficients of 
the total solution follow: 

C O = i, 

C 2 = �89 + i v ~ l ) A 2  iA.21(4PV2), 

C.2 = �89 - iv~ I)A.2 + 3iA 21(4pv 2), 

According to (19) the total solution is, if we write v21n s = ~, 

x+iy =is (l"p)/2Pei~ 
-�89 

+ 0. 1 is {(cos ~ + (3-2p)sin ~/4pv2)e 3ie + 

+ (- 3 cos ~ + (3-6p)sin ~/4pv2)e-ie} . (42) 

T h i s  f u n c t i o n  i s  s h o w n  i n  f ig .  8, w h e r e  the  a n g l e  of  i n t e r n a l  f r i c t i o n  ~ i s  

I ! ! i i 

I i I  I 1 I 

I 11 1 I 

-0 
I 
Fig, 8. One quadrant of the physical plane. 
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chosen as ~/6. It represents the distribution of the stresses in the plastic 
zone around a hole of oval shape, which is loaded with a constant normal 
pressure and where the major principal stress is tangential to the boundary. 
In fig. 8 the lines of constant s (constant isotropic stress) are indicated by 
full lines, the lines of constant @ by broken lines. 

i i .  A c i r c u l a r  h o l e  l o a d e d  b y  a n o r m a l  p r e s s u r e  a n d  a s h e a r  s t r e s s .  

Fig.9. A circular hole loaded by a normal pressure and shear stress. 

In this case we have only to do with both circular solutions (20)and 
(21). When (20) and (21) are added, one gets 

k' i0 
x+iy = C O s x~ i~ + C~s o e , 

where C~ is real and C O is imaginary, so that these coefficients can be 
written as 

C O = i sin @, 

C o = cos @, 

if the radius of F is taken to be unity. Along the boundary i TM, s again 
equals I, so that 

x o +iy o = ei(e+~) 

It can be seen from (40) that the resultant moment of the boundary forces 
is -4~PgoIm [CoC~] = -4~pgoC'(-iCo). 

Indeed, if either Co or C" vanishes, then the moment also disappears, 
but in the above case the resulting moment is -2~p~ sin 2@. This is only 
natural since the shear stress along F is ~ns = -P~o sin 2@. It is uncertain 
whether s approaches zero or infinity for great values of x and y. To 
settle this problem we must look at the behaviour of the solution x + iy 
in the neighbourhood of r. The radial coordinate r = [x 2 + y2] �89 may not 
become smaller than I, for this would be impossible physically. 

r : [ICol 2 + IC I 2 s2 O] �89 

d r  1 (kolCol2 2ko-1 12 S2k~-I 
d--s = r s + k~ IC'o ): 

on IF': dr ko]Col2 d-~ = + X~ IC~ 12. 
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If  d r / d s  < 0 f o r  s = 1, then s m u s t  d e c a y  to e n s u r e  tha t  r g r o w s  f r o m  
uniter. T h e n  s m u s t  v a n i s h  f o r  g r e a t  v a l u e s  of r .  In the o t h e r  c a s e ,  when  
[ d r / d s ]  s--1 > 0, s wil l  a p p r o a c h  inf in i ty .  

T h i s  s e c o n d  e x a m p l e  c a n  be shown to be i d e n t i c a l  with an e x a m p l e  g iven  
by  N a d a i  [ 6 ] .  

7. Conclusion. 

In the f o r e g o i n g  s e c t i o n s  a s e r i e s  of s o l u t i o n s  of the p r o b l e m  of p l a s t i c  
p l ane  s t r a i n  have  been  found,  a l l  of wh ich  a r e  of the fo l lowing  f o r m :  the 
C a r t e s i a n  c o o r d i n a t e s  x and y of the p h y s i c a l  p lane  a r e  t r i g o n o m e t r i c a l  
f u n c t i o n s  of @, the d i r e c t i o n  of the m a j o r  p r i n c i p a l  s t r e s s ,  m u l t i p l i e d  by  
a p o w e r  of s ,  a q u a n t i t y  d i r e c t l y  c o n n e c t e d  wi th  the i s o t r o p i e  s t r e s s .  If 
the b o u n d a r y  c o n d i t i o n  can  be d e s c r i b e d  in the s a m e  f o r m ,  the b o u n d a r y  
va lue  p r o b l e m  can  be so lved .  In s ee .  4 this  was  done f o r  a s p e c i a l  s o r t  
of b o u n d a r y  cond i t ion .  T h e r e  the shape  of the b o u n d a r y  was  a r b i t r a r y ,  
but  the s u r f a c e  t r a c t i o n  was  a c o n s t a n t  n o r m a l  p r e s s u r e .  

The  a n a l y t i c a l  m e t h o d  s e e m s  v e r y  s u i t a b l e  f o r  the d e t e r m i n a t i o n  of the 
s t r e s s e s  in the p l a s t i c  r e g i o n  a r o u n d  a hole .  The  m e t h o d  m a y  a l s o  be a p -  
p l i c a b l e  to o t h e r  s o r t s  of p l a s t i c i t y  p r o b l e m s ,  but  this  is  beyond  the s c o p e  
of the p r e s e n t  p a p e r .  

The  p o s s i b i l i t i e s  a r e  l i m i t e d  in the f i r s t  p l a c e  by  the r e q u i r e m e n t  tha t  
a l o n g  the b o u n d a r y  the func t i ons  @ and s a r e  con t inuous  and f u r t h e r  tha t  
t h e r e  e x i s t s  a o n e - t o - o n e  r e l a t i o n  b e t w e e n  the po in t s  (@, s) and (x, y) of the 
b o u n d a r y .  

One c o n c l u s i o n  of p r a c t i c a l  i m p o r t a n c e  to be d r a w n  f r o m  s e c .  3 is  tha t  
the p l a s t i c  s t r e s s  d i s t r i b u t i o n  a r o u n d  a hole  of g e n e r a l  shape ,  and l o a d e d  
by  an  a r b i t r a r y  s u r f a c e  t r a c t i o n ,  wiI1 tend to c i r c u l a r  s y m m e t r y  a t  a g r e a t  
d i s t a n c e  f r o m  the hole .  An  e x a m p l e  of this  b e h a v i o u r  is  shown in fig.  8. 

Acknowledgement. 

I wish to thank Prof. Dr.R. Timman, Prof. Dr. lr.G. de Josselin de Jong 
and Dr. R. E. Gibson for their kind and valuable help preparing the paper. 

References. 

I. Nottrot,R. and R.Timman 

2. Sokolovsky,V. V. 

3. Sokolovsky,V. V. 

4. Geiringer, H. 

5. Terzaghi. ~(. 

6, Nadai,A. 

A general method of solving the plane elasto-plastic problem. Journal of 
Engineering Mathematics, Vol. l, i, jan. 1967, p. 19-36. 

A plane problem of the theory of plasticity on the distribution of stresses 
around a hole (Russ.) Prikl. Mat. i Mekh. Xlll, 1949, 159-164. 

Approximate integration of the equations of a plane problem of the theory 
of plasticity (Russ.) Prikl.Mat.i Mekh. XIII, 1949, 321-322. 

Recent results in the theory of plasticity. Adv. Appl. Mech. III, 1953, 197-294. 

Theoretical Soil Mechanics. J.Wiley, New York/London, 1959 (9th pr.) 

Ueber die G1eit- und VerzweigungsfHichen einiger Gleichgewichtszust~nde 
bildsamer Massen und die Nachspannungen bleibend verzerrter K6rper. Zeit- 
schrift fIlr Physik 30, 1924, 106-138. 

[Received January 30, 1967] 


